For a plane electromagnetic wave, where the electric and magnetic fields are precisely disposed in the transverse plane and the Poynting vector is parallel to the propagation vector, it is well known that the classical text-book analysis of angular momentum density gives a vanishing result for any longitudinal component. In particular, under these assumptions, a circularly-polarized wave (or photon) might be construed to have no angular momentum in the propagation direction. Of course this is untrue; indeed it is the basis of Beth's famous measurement of spin angular momentum for circularly polarized light that a torque is exerted about the beam axis. This presentation reviews some of the calculational aspects, and the associated physics, involved in a resolution of the issue. In particular it is shown unnecessary to artificially impose on the beam a transverse intensity profile, vanishing at infinity, to resolve the matter. For optical beams of arbitrary structure, promotion of the electromagnetic fields, and associated potentials, to operator form gives non-zero values to each of the commonly deployed electromagnetic measures of physical significance; with a quantum optical formulation, results are cast in terms of Hermitian operators and duly relate to physical observables. Thus, not only energy and angular momentum, but also measures of chirality such as the 'Lipkin zilch', acquire a consistent physical interpretation
INTRODUCTION
The torque exerted about the axis of an optical beam in Beth's historic study 1 provided the first experimental verification of a longitudinal angular momentum component. It has recently been pointed out 2 however that a classical text-book treatment of plane electromagnetic radiation, with electric and magnetic field vectors precisely disposed in the plane transverse to the direction of propagation, delivers vanishing angular momentum density along the axis of a beam. Imposing the condition that either the intensity of the beam becomes zero at infinity, or that there is an absorbing particle at the center of the beam, dispenses with such a shortfall. However, to resolve the issue without the requirement of extra assumptions it is beneficial to discard the classical picture and treat circularly polarized light in a quantum formalism -recognizing the photonic character of the electromagnetic field. The emerging result is then an intrinsic angular momentum of ħ per photon, independent of photon energy 3 . Associating the intrinsic spin angular momentum of a photon with the observable polarization of a macroscopic and measurable beam has been known for many years. Less well-known is the existence of the orbital angular momentum of a photon, associated with the phase structure of the beam 4 . The connections between the various measures of optical angular momentum can be addressed by noting the wellknown decomposition 5 of total electromagnetic angular momentum into the spin and orbital components. In general, the angular momentum J of the electromagnetic field can be defined as:
where 0 ε is the vacuum permittivity and E, B, respectively, are the electric and magnetic fields implicitly evaluated at position r. This total angular momentum can be recast as the sum of the following terms:
( )
L signifying the orbital angular momentum for the field, and S the spin angular momentum, where the Einstein summation convention is used and A is the electromagnetic vector potential. It has been recognized that the paraxial approximation, or requiring that the A field is evaluated in the Coulomb gauge, allows justification of the split into Eqs (2) , (3) 6 . In a quantum optical representation the classical A, E and B fields are promoted to Hilbert space operators; the electromagnetic vector potential, A, is given by:
where h is the reduced Planck constant, V is the quantization volume, while ( ) ( ) η e k and ( ) ( ) a η k are the polarization vector and photon annihilation operator respectively, corresponding to a mode with polarization η and wave-vector k; the right-hand term is the Hermitian conjugate 7 . Here, and in the following, we only explicitly exhibit operator form (by a carat) where necessary to preclude ambiguity. Using
the E and B fields can be derived from Eq. (4). Through second quantization, the electromagnetic measures that depend on these fields and potentials also become quantum operators.
FIELDS AND OPERATORS
All of the required measures of freely propagating optical radiation must be delivered as expectation values, corresponding to observations that leave the system unchanged. It is now shown that it can be asserted that the associated Hermitian operators emerge in terms comprising equal numbers of annihilation and creation operators. The first suggestion of the validity of such a hypothesis emerges from considering the components of the electromagnetic stress-energy 4-tensor, in the paraxial approximation: 
where
and
are the Poynting vector and the components of the Maxwell stress tensor respectively, and the energy density is in the upper left corner of the array 8 . It is readily observed that are all bilinear in the E and B fields. Using the mode expansions for the electromagnetic field, dictated by Eq. (4), it is evident that, for paraxial radiation, the expectation value for each of these quantities results in all terms containing precisely one annihilation and creation operator. To extend the argument to the case of non-paraxial beams we use instead an exact classical solution 9 for the electric field vector 1.
To form a quantum representation of the field, we can promote the orthogonal plane polarizations, α u and α v , to operator status through by the following prescription:
where L/R denote left and right circular polarization. This replacement allows the non-paraxial field Eq. (8) to be expressed in the required quantum formalism, the inspection of which then reveals that all terms are linear in
. a η k This provides verification that even for non-paraxial light, the observables displayed in Eq. (5) -being bilinear in the electric and magnetic fields -have terms containing equal numbers of annihilation and creation operators. A legitimate question is whether a free-space electromagnetic measure based on unequal numbers of annihilation and creation operators can represent any physically meaningful quantity. In any quantum field theory, a product of field components (equally, in consequence, a corresponding product of field annihilation and creation operators), is in normal order when all the creation operators are to the left of each annihilation operator 10 . Wick's Theorem then states that any string of annihilation and creation operators can be decomposed into terms that are all in normal order. Significantly, the difference between the number of annihilation and creation operators is a constant for all terms in the decomposition. Such definitions, and the following arguments, apply equally well to analytical functions with arguments containing strings of
η η a a since such functions admit power series expansions 11 . An operator Q , corresponding to a conjectured electromagnetic observable with terms containing potentially unequal numbers of annihilation and creation operators, transforms into a series of terms each with the form:
where r and s are the number of times each operator appears and r-s is a constant dictated by Q . Taking the expectation value of the terms of such an operator over a number (Fock) state delivers
a a a n n r n s n r n s
which gives a non-vanishing result only when r = s. Thus, in evaluating the observables of number states, the Hermitian operators acting on them must embody an equal number of lowering and raising operators.
To extend the argument, we turn attention to over-complete sets whose elements are not orthogonal, taking the familiar example of optical coherent states. Taking the expectation of the terms in Q gives
where the eigenvalue α is a complex number. In contrast to the expression for number states, the result no longer vanishes for coherent states when r ≠ s. However, making explicit the time dependence in the raising and lowering operators, as in the interaction representation, 
shows that a normally ordered string of such operators will contain an oscillating phase factor
Clearly, if the numbers of annihilation operators s and creation operators r are unbalanced, then the phase factor effects a zero expectation value for the generic operator Q .
MEASURES OF ELECTROMAGNETIC HELICITY
The issue discussed above informs recent deliberations concerning rediscovered measures of electromagnetic helicity, their physical meaning and relation to optical angular momentum 12-15, 2, 16 . In previous work 16 we have shown that the helicity and spin angular momentum expressions,
when promoted to quantum operator status, display a dependence on the difference between number operators for optical modes of opposing helicity -a special case being when left and right handed modes are used as the basis, 
and its associated flux, can be obtained from the electromagnetic helicity and spin angular momentum operators by replacing every appearance of A and C (the magnetic and electric vector potentials) with their curls, ∇× = A B and . ∇ × = − C E Moreover, the analysis showed that for any conserved electromagnetic quantity, one can replace each appearance of fields with their curls, or curls of curls, and so on, generating an infinite list of related conserved quantities. It is now shown that starting with the electromagnetic helicity and spin operators, and repeatedly taking curls, creates families of helicity-type and spin-type measures, all proportional to differences between the populations of optical modes with opposing helicity. To complete the picture, it is observed that helicity and spin form a continuity equation,
which is mirrored by a continuity equation for the 'higher order' optical chirality density and associated flux:
with respect to the corresponding flux of χ;
hereafter called the optical chirality flow. Moreover, all helicity-type and spin-type measures have a conservation equation in their respective generations. Taking each successive curl of A, Eq. (4), has the effect of multiplying the result by ik, changing the respective signs of the positive and negative frequency terms, and exchanging the polarization vectors in a 2-cycle,
For greater generality, it is expedient to proceed with an analysis based on an appropriately chosen basis pair of polarization states, of arbitrary elliptical form, corresponding to diametrically opposing points on a traditional Poincaré sphere 19 . The basis can be defined in terms of two angular variables
satisfying the orthogonality condition,
It emerges that each helicity-type measure will always involve the scalar product of the electric polarization vector with the complex conjugate of the corresponding magnetic vector,
These polarization vectors constitute the elements of a mathematical group, consistent with the observation that different proportions of left-and right-handed light produce an elliptical polarization state.
Next enacting the products described in Eqs (13), (14) , evaluating the sum over the polarization basis prescribed in the mode expansions, it is readily verified that terms involving
k k e k vanish. Thus, the remaining terms are those in which the e-vectors in the product correspond to identical polarization states. As a consequence, the non-zero terms contain
with the polarization state matching that of the polarization vector. Finally, with the generalized basis the polarization product yields
Similarly, for spin-type measures the result will involve either of the following vector cross-products:
Therefore, all helicity-type and spin-type operators obtained via repeated curls of the fields and potentials -as appear in Eqs (13) , (14) -emerge with the characteristic dependence on the difference between number operators for optical modes of opposing helicity.
To complete the picture we now turn to the case of vortex beams, using the specific modal form of a Laguerre-Gaussian (LG) beam as an exemplar 21 . It has recently been shown that such beams have the capacity to convey arbitrarily large values for orbital angular momentum 18 . (As should be expected the orbital angular momentum, as given by Eq. (2), gives a vanishing result in the case of plane waves.) In the paraxial approximation, the magnetic and transverse electric field vectors once again follow from the vector potential, and the mode expansion of the latter now takes the form:
where , ( ) 
Proc. of SPIE Vol. 8637 863707-6 The a (and With this in mind, consider the potentially circular differential response of a chiral molecule, as might be exhibited in an electronic transition that is both E1 and M1 (electric dipole and magnetic dipole) allowed. It is of particular interest to discover means by which it is possible to suppress the E1 2 rate contribution -which cannot display enantioselectivity -while permitting potentially larger rate contributions from the E1-M1 interference, the leading order chiral correction to the absorption rate. As has been noted in related experiments 22 , it is now apparent that the exploitation of such a principle is optimally pursued by a molecule engaging with such a reflected circularly polarized state in the vicinity of the electric field nodes, rather than at their exact position, in order not to preclude the crucial E1-M1 interference terms.
CONCLUSION
It emerges that all useful and observable measures of electromagnetic phenomena share a commonality: in quantum optical formulation they are expressible in terms containing an equal number of annihilation and creation operators. This is a principle that applies not only for paraxial, but also for non-paraxial beams. Considering the photonic nature of light, and using a Poincaré sphere representation of the polarization vectors, it has been shown that a hierarchy of helicity-type and spin-type measures, a set of infinite extent, acquires a physically meaningful form: each element can be cast in terms of a difference between number operators for optical modes of opposing polarization helicity. Such measures can never exhibit a value greater than for a purely circularly polarized beam. It has also been confirmed that the reflection of such a beam by a mirror responsible for regions of prominent chiral interaction.
